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Recently the author has shown that there are only ﬁnitely many
p-groups with trivial Schur multiplicator of a given coclass if p
is an odd prime. This paper introduces an algorithm to compute
these ﬁnitely many p-groups for any given prime and coclass.
As an application, we classify these groups for coclass 1, give
a conjectural description for them for coclass 2 and determine
them for coclass 3 and p ∈ {3,5,7} and coclass 4 and p = 3. Based
on the experimental evidence, we conjecture that the order of
a p-group with trivial Schur multiplicator and coclass r is bounded
by a function b(r) which is independent of the prime p.
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1. Introduction
Schur multiplicators of groups were introduced by Schur [19] to study projective representations
of groups. Since then, they have proved to be a powerful tool in group theory. For example, they
play a role in Galois theory and they are relevant in the theory of central group extensions. The
groups with trivial Schur multiplicator are particularly interesting: they are, for example, candidates
for the groups of deﬁciency zero, see [10] for further background. The groups of prime power order
form an interesting special case which is also noted in Question 17 of [14]. An introduction to Schur
multiplicators can be found in Chapter 11 of [18].
Despite the general interest in p-groups with trivial Schur multiplicator, there is only very little
known about these groups. One can determine them for small orders using the available classiﬁcations
of p-groups of order dividing 29 and p7. An extension of this general approach was used in [10]
for determining the 3-generator p-groups with trivial Schur multiplicator and order dividing 210, 38
and 58.
Coclass theory was ﬁrst used in [3] to investigate the p-groups with trivial Schur multiplicator.
A main result is that for odd primes p and r ∈ N there are only ﬁnitely many p-groups of coclass r
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are inﬁnite families of 2-groups with trivial Schur multiplicator and coclass r exhibited in [3].
This paper reports on a further investigation into the classiﬁcation of p-groups with trivial Schur
multiplicator by coclass. We call a nilpotent group G a Schur tower if for every j ∈ {2, . . . , cl(G)} the
lower central series factor G/γ j+1(G) is a Schur cover of the factor G/γ j(G). We observe that every
p-group with trivial Schur multiplicator is a Schur tower. Further, we prove that there are only ﬁnitely
many Schur towers among the p-groups of coclass r for odd p extending the result of [3] to Schur
towers.
The main part of this paper is devoted to a practical algorithm for computing up to isomorphism
all Schur tower p-groups with certain invariants. For example, the algorithm can construct all such
groups with prescribed generator number and order bound or, alternatively, with prescribed coclass
and order bound. In the case of odd primes p, there are only ﬁnitely many Schur tower p-groups of
a given coclass and the algorithm can be used to determine them. A main tool for the algorithm is a
method to compute the isomorphism types of Schur covers of a ﬁnite p-group; we use and improve a
method introduced by Nickel [16] for this purpose. Our algorithm has been implemented in Gap [20]
using the Packages Polycyclic [5] and AutPGroup [7]; the implementation is available as part of the
Polycyclic package.
As an application of this algorithm, we classify the Schur towers and thus the p-groups with trivial
Schur multiplicator for coclass 1, we give a conjectural description of them for coclass 2 and we deter-
mine these groups for coclass 3 and p ∈ {3,5,7} and coclass 4 and p = 3. A summary of these results
is included below. We also constructed the 2-generator 2-groups with trivial Schur multiplicator and
order bounded by 217. As a result of our experimental evidence, we propose the following conjecture.
Conjecture 1. For every r ∈ N there exists an integer b(r) such that |G|  pb(r) for every p-group G with p
odd and G of coclass r and trivial Schur multiplicator.
Thus the order (or, equivalently, the class) of a p-group G with coclass r and trivial Schur multi-
plicator is bounded independently of the prime p, provided that p is an odd prime. Our experimental
data further suggests that the bound b(r) can be taken to be r2 + 4.
M.F. Newman has proved that a p-group with trivial Schur multiplicator and coclass 2 has class at
most 6; see his paper in this issue [15].
We include some open problems in this area in Section 4.5.
2. The basic ideas
In this section we outline the basic ideas of the main algorithms. We ﬁrst establish a useful
connection between p-groups with trivial Schur multiplicator and Schur covers. Then we use this
connection to outline an algorithm for computing the p-groups with trivial Schur multiplicator of
a given coclass.
For a nilpotent group G we denote with G = γ1(G)  γ2(G)  · · · its lower central series; the
length of this series is the nilpotency class cl(G). Further, we denote with M(G) the Schur multiplica-
tor of a group G . Recall that M(G) is a ﬁnite abelian p-group if G is a ﬁnite p-group.
2.1. Schur covers and Schur towers
The following lemma exhibits a variation on Hopf’s formula for the Schur multiplicator of a quo-
tient group. It was also used in Lemma 2.3 of [12].
Lemma 2. Let G be a group with M(G) = 1 and let N  G. Then
M(G/N) ∼= (N ∩ G ′)/[N,G].
Proof. We consider the ﬁve-term homology sequence
M(G) → M(G/N) β→ N/[N,G] α→ G/G ′ → (G/N)/(G/N)′ → 1
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for n ∈ N . Hence ker(α) = (N ∩ G ′)/[N,G]. Thus M(G) = 1 and the exactness of the sequence implies
that M(G/N) ∼= im(β) ∼= ker(α) = (N ∩ G ′)/[N,G] as desired. 
Recall that a group S is a Schur cover of a group G if S has a central subgroup N  S ′ with
N ∼= M(G) and S/N ∼= G . We say that a nilpotent group G is a Schur tower if for every j ∈ {2, . . . , cl(G)}
the lower central series factor G/γ j+1(G) is a Schur cover of G/γ j(G). The following corollary is an
immediate consequence of Lemma 2.
Corollary 3. Let G be a nilpotent group with M(G) = 1. Then G is a Schur tower.
Proof. We apply Lemma 2 with N = γ j(G) for some 2  j  c and obtain that M(G/γ j(G)) ∼=
γ j(G)/γ j+1(G). Hence G/γ j+1(G) is a Schur cover of G/γ j(G) for every j ∈ {2, . . . , cl(G)} and G is
a Schur tower as desired. 
2.2. Schur towers and coclass
Corollary 3 asserts that every p-group with trivial Schur multiplicator is a Schur tower. This to-
gether with the following observation provides the basis of the desired algorithm to determine the
p-groups with trivial Schur multiplicator by coclass.
Theorem 4. Let p > 2 and r ∈ N. Then there are only ﬁnitely many Schur towers among the p-groups of
coclass r.
Proof. Let γ (G) denote the last non-trivial term of the lower central series of a p-group G , that is, we
deﬁne γ (G) = γcl(G)(G). It follows from Corollary 11.1.5 of [13] that all but ﬁnitely many p-groups G of
coclass r satisfy that cc(G/γ (G)) = r. Further, if G is a p-group of coclass r with cc(G/γ (G)) = r, then
γ (G) has order p. If additionally G is a Schur tower, then M(G/γ (G)) ∼= γ (G) and thus M(G/γ (G))
has order p. However, Theorem A of [3] asserts that there are only ﬁnitely many p-groups of coclass r
whose Schur multiplicator has order at most p. Thus there are only ﬁnitely many possible quotients
G/γ (G) for the Schur towers G of coclass r and hence there are only ﬁnitely many Schur towers G
among the p-groups of coclass r. 
Theorem 4 yields an algorithm to determine the p-groups of coclass r with trivial Schur multi-
plicator: we determine all Schur towers of this coclass and then search for those with trivial Schur
multiplicator.
The Schur towers of coclass at most r can be determined using an iterated computation of Schur
covers of the abelian groups of coclass at most r. The following section contains the basis for this.
3. Computing Schur covers
In this section we describe an algorithm to compute all Schur covers of a ﬁnite p-group G up to
isomorphism. We assume that G is given by a consistent polycyclic presentation. Our algorithm is
a minor variation of the method by Nickel [16] adapted to the special case of ﬁnite p-groups. We
include a full description of the algorithm here for completeness.
For a ﬁrst analysis of the situation, let G be a ﬁnite group deﬁned by an arbitrary ﬁnite presen-
tation Fn/R with Fn free on n generators. We deﬁne the covering group of G with respect to this
presentation as
H = Fn/[R, Fn].
Its subgroup M deﬁned by M = R/[R, Fn] is a central subgroup with H/M ∼= G . As G is ﬁnite, it
follows that M is ﬁnitely generated abelian. Let T (M) be the torsion subgroup of M . Then using
Hopf’s formula we obtain that
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Let C be a complement to T (M) in M . Then H/C is a Schur cover of G . It is well known that every
Schur cover of G arises as quotient of this form. Further, it is easy to see that there are only ﬁnitely
many complements to T (M) in M . Hence the set of complements to T (M) in M yields a ﬁnite set of
Schur covers which contains every isomorphism type of Schur cover at least once.
It remains to consider two tasks. First, we need to compute a covering group H of a ﬁnite p-group
G in an algorithmically useful form; that is, a form that allows, for example, to compute the comple-
ments to T (M) in M . Secondly, we need to reduce the ﬁnite set of quotients of the complements to
T (M) in M to isomorphism type representatives. We consider these two tasks in the following two
subsections and summarise the resulting algorithm in the last subsection of this section.
3.1. Computing covering groups
In [6] there is an algorithm described which, given a group G deﬁned by a consistent polycyclic
presentation Fn/R , computes a consistent polycyclic presentation for a group H with H ∼= Fn/[R, Fn].
The algorithm also returns the corresponding natural epimorphism ν : H → G and its kernel M ∼=
R/[R, Fn].
The determined covering group H is an extension of M by G with M ∼= Zn × M(G), where n is
the number of generators of the given polycyclic presentation for G . A polycyclic generating set of
a ﬁnite p-group is usually highly redundant. For our later applications, it is desirable to obtain a
covering group H of G with respect to a presentation on a smaller generating set of G . We consider
this problem in the following.
Lemma 5. Let g1, . . . , gd be an arbitrary generating set of G, let hi be a preimage of gi under ν and deﬁne
K = 〈h1, . . . ,hd〉 H. Then K is a covering group of G with respect to a presentation Fd/S of G with Fd free
on the generators g1, . . . , gd.
Proof. As g1, . . . , gd generates G , it follows that K covers the quotient H/M in H ; that is, we obtain
that KM = H . Thus K is a central extension of N := M ∩ K by G .
Next, we observe that H ′ = K ′ . For this purpose let h,k ∈ H . Then there exist a,b ∈ M such that
ha,kb ∈ K , since K covers H/M . It follows that [h,k] = [ha,kb] and thus H ′ = K ′ . This implies that
T (M) = M ∩ H ′ = M ∩ K ′  N .
Further, the quotient H/H ′ is free abelian on n generators. As K is a d-generator group, it follows
that K/K ′ = K/H ′ is a d-generator subgroup of Zn . Hence K/K ′ ∼= Zd . This yields that N ∼= Zd × T (M).
Finally, let μ : Fd → K : f i 	→ hi be the natural epimorphism from Fd onto K and let
ϕ : Fd → G : f i 	→ gi . Let S denote the kernel of ϕ so that G ∼= Fd/S . Then Sμ = N by construction and
hence K is a quotient of the covering group Fd/[S, Fd]. As S/[S, Fd] ∼= Zd × M(G) ∼= Zd × T (M) ∼= N ,
it follows that μ is an isomorphism and K is a covering group of G as desired. 
A consistent polycyclic presentation for the subgroup K of H in Lemma 5 can be read off readily
from the available consistent polycyclic presentation for H using standard methods for polycyclic
groups, see [11]. Further, as G is a ﬁnite p-group, it follows that a minimal generating set g1, . . . , gd
can be determined easily as a set of preimages of a minimal generating set of the elementary abelian
group G/Φ(G).
3.2. Solving the isomorphism problem
We use the ideas of [16] to solve the isomorphism problem for Schur covers. We recall these
ideas here brieﬂy for completeness. Let G be a ﬁnite p-group, let H be a covering group for G on
an arbitrary (usually minimal) generating set g1, . . . , gd of G and let ν : H → G be the corresponding
epimorphism with kernel M . Let Z(H) denote the center of H . We deﬁne
Z := Z(H) ∩ MH ′.
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Hirsch length d and H/M is ﬁnite, it follows that Z is ﬁnitely generated abelian with Hirsch length d
and thus Z ∼= Zd × T (Z). Further, as Z/M and T (M) are p-groups, it follows that T (Z) is a p-group.
Let e = exp(T (Z)) and let Y = Ze = {ze | z ∈ Z} ∼= Zd . Then H/Y is an extension of its ﬁnite central
subgroup Z/Y ∼= (Z/eZ)d × T (Z) by H/Z and hence is a ﬁnite p-group.
Let A be the normaliser of Z/Y in Aut(H/Y ); that is, A is the group of those automorphisms of
H/Y which ﬁx the subgroup Z/Y as set. Then A acts naturally on the set of complements to T (Z)Y /Y
in Z/Y . Let C denote the orbits of this action. Let D be the subset of C of those orbits which contain
at least one complement C/Y with C  M . For each orbit in D we choose a representative C/Y with
C  M and we denote with R the resulting set of representatives. Then we can solve the isomorphism
problem for Schur covers with the following theorem.
Theorem 6. (See Nickel [16].) The set {H/C | C/Y ∈ R} is a complete and irredundant set of isomorphism type
representatives of Schur covers of G.
In the remainder of this section, we outline a proof for Theorem 6. As a ﬁrst step, we observe that
every Schur cover is obtained as quotient H/C for some C/Y ∈ R and every such quotient is a Schur
cover.
Lemma 7.
(a) Let S be a Schur cover of G. Then there exists C/Y ∈ R with S ∼= H/C.
(b) Let C/Y ∈ R. Then H/C is a Schur cover of G.
Proof. (a) As S is a Schur cover of G , there exists a subgroup D of H which is a complement to T (M)
in M such that S ∼= H/D . This subgroup D is also a complement to T (Z) in Z and hence D/Y is a
complement to T (Z)Y /Y to Z/Y . Thus there exists an orbit in D containing D/Y . Let C/Y be the
representative in R for this orbit and let α ∈ A with (C/Y )α = D/Y . This α induces an isomorphism
from H/C to H/D and hence it follows that S ∼= H/C as desired.
(b) C/Y is a complement to T (Z)Y /Y in Z/Y . Thus C is a complement to T (Z) in Z . As C  M , it
follows that C is also a complement to T (M) in M . Thus H/C is a Schur cover of G . 
It remains to solve the isomorphism problem for Schur covers. As a preparation for this step, note
that Z/C = Z(H/C) ∩ (H/C)′ for any C/Y ∈ R.
Theorem 8. Let C/Y and D/Y be two different elements of R. Then H/C  H/D.
Proof. Suppose that there exists an isomorphism ι : H/C → H/D . Recall that H is a d-generator group
and let μ : F → H : f i 	→ hi be a corresponding epimorphism, where F is free on the d generators
f1, . . . , fd .
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purpose let A and B denote the preimages of C and D , respectively, under μ. Then ι can be consid-
ered as an isomorphism from F/A onto F/B . Let yi B = ι( f i A). Then ρ : F → F : f i 	→ yi extends to
an endomorphisms of F with ρ(A) ⊆ B .
Next, let S and T denote the preimages of Y and Z under ν . As Z/C = Z(H/C) ∩ (H/C)′ and
Z/D = Z(H/D) ∩ (H/D)′ , it follows that ι maps Z/C onto Z/D and hence we obtain that ρ(T ) ⊆ T .
Further, if R is the kernel of μ ◦ ν : F → G , then [R, F ] is the kernel of μ. Note that [R, F ] = [T , F ] by
the construction of Z . Hence S = T e[T , F ] follows by the deﬁnition of Y . The invariance of T under ρ
now implies that ρ(S) ⊆ S .
Thus ρ induces an endomorphism ϕ : F/S → F/S which maps B/S into A/S . Using a theorem of
Gaschütz [9], we observe that we can choose the elements y1, . . . , yd so that {y1S, . . . , yd S} gener-
ates F/S . Then ϕ is surjective. As F/S is ﬁnite, it follows that ϕ is an automorphism of F/S .
Translating back to H , we have determined an automorphism of H/Y which leaves Z/Y as set and
maps C/Y onto D/Y . This contradicts the choice of C/Y and D/Y as two different elements of R. 
Note that it is essential for the proof of Theorem 6 to introduce the group Z and use it for all
subsequent computations instead of M . The advantage of Z over M is that it corresponds to the
subgroup Z(S) ∩ S ′ in every Schur cover S and hence is invariant under all isomorphisms.
3.3. A summary of the algorithm
In this section we summarise the resulting algorithm to compute all Schur covers of a given p-
group G up to isomorphism. We assume that G is given by a consistent polycyclic presentation F/R .
We ﬁrst give a top-level outline of the algorithm; details on the individual steps follow below.
(1) Determine a consistent polycyclic presentation for a group H˜ with H˜ ∼= F/[R, F ] and its corre-
sponding epimorphism ν˜ : H˜ → G .
(2) Determine a minimal generating set g1, . . . , gd of G and its preimages h1, . . . ,hd under the epi-
morphism ν˜ .
(3) Determine a consistent polycyclic presentation for H = 〈h1, . . . ,hd〉. Let ν : H → G denote the
restriction of ν˜ to H and let M be the kernel of ν .
(4) Determine Z = Z(H) ∩ MH ′ , its torsion subgroup T (Z), the exponent e = exp(T (Z)) and Y = Ze .
Construct a consistent polycyclic presentation for H/Y .
(5) Compute generators and order of the group Aut(H/Y ) and determine its subgroup A =
StabAut(H/Y )(Z/Y ).
(6) Let A act on the complements to T (Z)Y /Y in Z/Y and compute a set R of representatives C/Y
for the orbits in D.
(7) Translate the elements of R to a set of quotients H/C and return this resulting set.
Step (1) is accomplished using the method of [6].
Step (2) is straightforward, as a minimal generating set of a ﬁnite p-group G can be read off easily
from a minimal generating set of G/Φ(G) and Φ(G) = GpG ′ .
Step (3) is an easy computation with polycyclically presented groups, see for example [11].
Step (4) can be facilitated by methods for computing the center and the torsion subgroup of a
polycyclic group. We refer to [1,2].
Step (5) is accomplished using the methods of [4]: ﬁrst we use the methods described there to
compute the automorphism group of the ﬁnite p-group H/Y and then we use the orbit-stabiliser
methods of [4] for determining the stabiliser A.
Step (6): note that the complements to T (Z)Y /Y in Z/Y correspond to the elements of the abelian
group Z1((Z/eZ)d, T (Z)). The subgroup Z1((Z/eZ)d, T (M)) can be identiﬁed with the complements
contained in M/Y in this construction. We use this description and deﬁne an aﬃne action of A on
the group of 1-cocycles which corresponds to the action of A on complements. We then apply the
ideas of [4] again to obtain a highly effective algorithm to determine representatives for the desired
orbits of A.
Step (7) is a straightforward computation with polycyclically presented groups again.
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Gap [20] using the Polycyclic package [5] and the Autpgrp package [7].
4. Schur towers by coclass
In this section we apply the methods of the earlier sections to obtain some ﬁrst steps and ideas
towards a classiﬁcation of the Schur tower p-groups of ﬁxed coclass. Throughout this entire section,
let p be an odd prime.
4.1. A classiﬁcation for coclass 1
The Schur towers of coclass 1 are determined in the following lemma whose proof is a sample
application of the algorithm to determine Schur towers by coclass.
Lemma 9. For every prime p > 2 there are 4 Schur towers of coclass 1:
• The cyclic group Cp2 ; this has trivial Schur multiplicator.
• The abelian group C2p ; this has a Schur multiplicator of order p.
• The Schur cover of C2p of exponent p2; this has trivial Schur multiplicator.
• The Schur cover of C2p of exponent p; this has a Schur multiplicator of order p2 .
Proof. An abelian group of order pn and coclass 1 satisﬁes n = 2. Hence Cp2 and C2p are the only two
abelian p-groups of coclass 1. Note that the Schur multiplicator of a cyclic group is trivial and the
Schur multiplicator of an elementary abelian group of rank n is elementary abelian of rank n(n−1)/2.
As a next step, we determine the Schur covers of G = C2p up to isomorphism using the algorithm
of Section 3. A covering group H of G with respect to a minimal generating set of G is described by
H = 〈g1, g2, g3, g4, g5 ∣∣ gp1 = g3, gp2 = g4, gp5 = 1, [g1, g2] = g5 (g3, g4, g5 central)〉.
The corresponding kernel M of the natural epimorphism ν : H → G is of the type M ∼= Z2 × Cp and
thus T (M) = Cp ∼= M(G). Note that Z = Z(H) ∩ MH ′ = M . This implies e = p and Y = 〈gp3 , gp4 〉. Hence
H/Y can described by
H/Y = 〈g1, g2, g3, g4, g5 ∣∣ gp1 = g3, gp2 = g4, gp3 = gp4 = gp5 = 1,
[g1, g2] = g5 (g3, g4, g5 central)
〉
.
The automorphism group of H/Y maps onto Aut(H/Z) ∼= GL(2, p) with kernel K elementary abelian
of order p6. As Z/Y = (H/Y )′ , it follows that Z/Y is setwise invariant under Aut(H/Y ) and A =
Aut(H/Y ). The subgroup K of A acts trivially on Z . Hence only the action of GL(2, p) is relevant for
the computation of orbits of complements to T (Z)Y /Y in Z/Y . Note that there are 4 such comple-
ments Ci/Y with
C1 = 〈g3, g4〉, C2 = 〈g3g5, g4〉, C3 = 〈g3, g4g5〉, and C4 = 〈g3g5, g4g5〉.
If an automorphism α ∈ Aut(H/Y ) acts as a matrix m ∈ GL(2, p) on H/Z with respect to the basis
g1 Z , g2 Z , then it acts on Z with respect to the basis g3, g4, g5 as m ∈ GL(3, p), where
m =
(
a b
c d
)
implies m =
(a b 0
c d 0
)
.0 0 ad − bc
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{C2/Y ,C3/Y ,C4/Y }. Thus we obtain two isomorphism types of Schur covers for the group G:
H/C1 =
〈
g1, g2, g5
∣∣ gp1 = gp2 = gp5 = 1, [g1, g2] = g5 (g5 central)〉, and
H/C2 =
〈
g1, g2, g5
∣∣ gp1 = g5, gp2 = gp5 = 1, [g1, g2] = g5 (g5 central)〉.
The ﬁrst group H/C1 has exponent p and Schur multiplicator of order p2, the second group H/C2
has exponent p2 and Schur multiplicator of order 1. (We leave the veriﬁcation of this to the reader.)
Hence the construction of Schur towers of coclass 1 is complete, as the Schur covers of H/C1 have
coclass 2. 
4.2. The trees S(p, r) and Sˆ(p, r)
The Schur tower p-groups of coclass at most r can be visualised as the graph Sˆ(p, r): the vertices
of Sˆ(p, r) correspond to the Schur tower p-groups of coclass at most r and there is a directed edge
H → G if G/γ (G) ∼= H , where γ (G) is the last non-trivial term of the lower central series of G . We
say that G is a descendant of H if there is a (possibly trivial) path from H to G .
By construction, the graph Sˆ(p, r) consists of π(r) trees, where π(r) is the sum of the number of
partitions of s r + 1, and the roots of these trees correspond to the abelian groups of order at most
pr+1. The groups of coclass precisely r form a subgraph S(p, r) of Sˆ(p, r). Observe that S(p, r) is also
a subgraph of the graph of all p-groups of coclass r.
We draw these graphs S(p, r) in a compacted form using the following two rules. First, if a tree T
contains n subtrees T1, . . . , Tn which are all isomorphic and all have the same parent in T , then we
display only T1 and attach the number n to the root of T1. Secondly, vertices of S(p, r) are usually
displayed as ﬁlled circles. There are two exceptions: Empty circles correspond to groups of coclass
smaller than r, and empty boxes correspond to groups of coclass r having trivial Schur multiplicator.
4.3. A conjectural description for coclass 2
The graph Sˆ(p,2) consists of 6 trees having the roots Cp,Cp2 ,C2p,C3p,Cp2 × Cp,Cp3 . Of these, the
last 4 have vertices in S(p,2). The trees with roots Cp3 and C3p are isolated points in S(p,2). The
tree of descendants of Cp2 × Cp in S(p,2) has 5 vertices and can be determined for arbitrary p using
theoretical arguments as in the proof of Lemma 9.
Let H denote the Schur cover of C2p of exponent p as described in Lemma 9. The proper de-
scendants of H of coclass 2 are the groups of the tree with root C2p contained in S(p,2). We have
determined them for the primes p = 3,5,7,11,13,17,19.
As a result of our experimental evidence, we propose the description of S(p,2) as given in
Figs. 1–3. Let a = p + 1, b = p(p + 1)/2, c = p − 1, e = (p + 2)/3, f = (p + 1)/2, g = f (p − 1)/3,
and deﬁne d by d = 3 for p ≡ 1 mod 4 and d = 2 for p ≡ 3 mod 4.
Fig. 1. A conjectural description of S(p,2) for p ≡ 5 mod 6.
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Fig. 3. A description of S(3,2).
Thus our experimental evidence for the graphs S(p,2) supports Conjecture 1 with the bound
b(2) = 8. We note that the classiﬁcation of groups of order dividing p7 as in [17] can be used to
prove the conjectural description of S(p,2) for the groups of order dividing p7.
4.4. Higher coclass
We have determined the Schur tower p-groups of coclass 3 for the primes p = 3,5,7 and of
coclass 4 for the prime p = 3 using the algorithm described above. We conjecture that we can split
S(p,3) into the following parts.
• 4 isolated points corresponding to the abelian groups C4p , Cp2 × C2p , Cp2 × Cp2 and Cp4 .• The descendants of Cp3 × Cp .
• The proper descendants of the Schur cover of Cp2 × Cp with Schur multiplicator of order p2.
• The proper descendants of those leaves in the descendant tree of the group H of Section 4.3
whose Schur multiplicator has order p2. These are 7 groups for p = 3 and 2d+ 2h + 2 groups for
p > 3 with
d =
{
3 for p ≡ 1 mod 4,
2 for p ≡ 3 mod 4 and h =
{
1 for p ≡ 5 mod 6,
2 for p ≡ 1 mod 6.
While most of the resulting trees are quite small, some of them are also rather complex. Further,
the primes considered are too small to obtain a conjectural description of S(p,3) for all primes.
Hence we omit the detailed description of the graphs S(p,3) for p = 3,5,7 and S(3,4) and provide
some summary information only here.
Let f (p, r,n) denote the number of Schur tower p-groups of order pn and coclass r and let
g(p, r,n) be the number of those groups among them with trivial Schur multiplicator. Tables 1–2
contain these numbers of groups for the cases considered.
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n f (3,3,n) g(3,3,n) f (5,3,n) g(5,3,n) f (7,3,n) g(7,3,n)
4 5 1 5 1 5 1
5 3 1 3 1 3 1
6 15 3 17 5 19 7
7 41 1 40 1 56 1
8 65 18 378 37 829 67
9 126 10 2387 16 8553 36
10 198 71 399 149 1093 391
11 185 167 1350 100 5124 306
12 33 15 4250 4250 21282 21282
13 18 18
Table 2
n f (3,4,n) g(3,4,n)
5 7 1
6 22 2
7 15 3
8 62 1
9 197 51
10 457 10
11 916 182
12 2346 461
13 1831 893
14 2458 709
15 3165 1920
16 3687 2499
17 2421 2367
18 54 54
4.5. Open problems
There are various open problems remaining in this area. We formulate the following two questions.
Question 1. What is the structure of the inﬁnite pro-p-groups which are Schur towers?
These inﬁnite pro-p-groups deﬁne the inﬁnite paths in the graphs Sˆ(p,∞) of all Schur tower p-
groups. Examples for such inﬁnite groups can be constructed as the pro-p-versions of free products
of ﬁnite cyclic p-groups.
Question 2. Can the general shape of S(p, r) be described independently of the prime p (for primes
p > 3)?
If Conjecture 1 holds, then at least the depth of the graphs S(p, r) can be described independently
of the prime p for all primes p > 2. The results of Sections 4.1 and 4.3 suggest that stronger results
in this direction are possible.
5. Schur towers by order
Our algorithm can readily be modiﬁed to determine all d-generator groups of order pn which
are Schur towers. As an explicit example, we constructed the 2-generator Schur towers of order 2n
for n  17. Table 3 records both the total number and those with trivial Schur multiplicator. Where
known, in the column entitled ‘# all 2-gen groups’ we include the number of 2-generator groups of
this order (see [8]).
We note that we have run all computations described in this paper on a computer with a 3.2 GHz
CPU and 2 GB Ram.
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Order # all 2-gen groups # Schur towers # groups with M(G) = 1
23 3 3 1
24 8 8 3
25 19 11 4
26 53 26 8
27 162 43 14
28 540 91 23
29 2043 173 44
210 388 86
211 798 161
212 1586 281
213 3502 486
214 7693 908
215 16447 1966
216 34410 3744
217 94960 7574
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